We compute the renormalization functions on the lattice, in the RI ′ scheme, of local bilinear quark operatorsψΓψ, where Γ =1, γ 5 , γ µ , γ 5 γ µ , γ 5 σ µ ν . This calculation is carried out to two loops for the first time. We consider both the flavor non-singlet and singlet operators. Finally, we present our results in the MS scheme, for easier comparison with calculations in the continuum. We have generalized to fermionic fields in an arbitrary representation. Some special features of superficially divergent integrals, obtained from the evaluation of two-loop Feynman diagrams, are presented in detail in Ref. [1] .
, and coupling constant Z L,RI ′ g . We use the clover action for fermions and the Wilson action for gluons. Our results are given as an explicit function of the coupling constant a • = g 2 • /16π 2 , the clover coefficient c SW , and the number of fermion colors (N c ) and flavors (N f ), in the renormalized Feynman gauge. All 1-loop quantities are evaluated in an arbitrary gauge.
Finally, we present our results in the MS scheme, for easier comparison with calculations in the continuum. We have generalized to fermionic fields in an arbitrary representation. Some special features of superficially divergent integrals, obtained from the evaluation of two-loop Feynman diagrams, are presented in detail in Ref. [1] .
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Introduction
Numerical simulations of QCD, formulated on the lattice, make use of a variety of composite operators, made out of quark fields. Matrix elements and correlation functions of a whole variety of such operators, are computed in order to study hadronic properties in this context. A proper renormalization of these operators is essential for the extraction of physical results from the lattice.
In this work we study the renormalization function, Z Γ , of fermion bilinears O =ψΓψ on the lattice, where Γ =1, γ 5 , γ µ , γ 5 γ µ , γ 5 σ µ ν (σ µ ν = 1/2 [γ µ , γ ν ]). We consider both flavor singlet and nonsinglet operators. We employ the standard Wilson action for gluons and clover-improved Wilson fermions. The number of quark flavors N f , the number of colors N c and the clover coefficient c SW are kept as free parameters. One necessary ingredient for the renormalization of fermion bilinears is the 2-loop quark field renormalization, Z ψ , calculated in [2] . The one-loop expression for the renormalization function Z g of the coupling constant is also necessary for expressing the results in terms of both the bare and the renormalized coupling constant.
Our two-loop calculations have been performed in the bare and in the renormalized Feynman gauge. For the latter, we need the 1-loop renormalization functions Z α and Z A of the gauge parameter and gluon field respectively, as well as the one-loop expressions for Z Γ with an arbitrary value of the gauge parameter.
The main results presented in this work are 2-loop bare Green's functions (amputated, oneparticle irreducible (1PI)), for the scalar, pseudoscalar, vector, axial vector and tensor operator, as functions of the lattice spacing, a L , and the external momentum q. In general, one can use bare Green's functions to construct Z X,Y O , the renormalization function for operator O, computed within a regularization X and renormalized in a scheme Y . We employ two widely used schemes to compute the various 2-loop renormalization functions: The RI ′ scheme and the MS scheme.
The present work is the first two-loop computation of the renormalization of fermion bilinears on the lattice. One-loop computations of the same quantities exist for quite some time now (see, e.g., [3] and references therein). There have been made several attempts to estimate Z O nonperturbatively; recent results can be found in Refs. [4 -6] . A series of results have also been obtained using stochastic perturbation theory [7] . A related computation, regarding the fermion mass renormalization Z m with staggered fermions, can be found in [8] .
Formulation of the problem
We will make use of the Wilson formulation of the QCD action on the lattice, with the addition of the clover (SW) term for fermions. In standard notation, it reads:
where :
and :
S G is the standard pure gluon action, made out of 1×1 plaquettes. r is the Wilson parameter (set to r = 1 henceforth); f is a flavor index. Powers of the lattice spacing a L have been omitted and may be directly reinserted by dimensional counting.
The "Lagrangian mass" m o is a free parameter in principle. However, since we will be using mass independent renormalization schemes, all renormalization functions which we will be calculating, must be evaluated at vanishing renormalized mass, that is, when m o is set equal to the critical value m cr :
. One prerequisite to our programme consists of the renormalization functions, Z A , Z c , Z ψ , Z g and Z α , for the gluon, ghost and fermion fields (A a µ , c a , ψ), and for the coupling constant g and gauge parameter α, respectively (for definitions of these quantities, see Ref. [2] ); we will also need the fermion mass counterterm m cr . These quantities are all needed to one loop, except for Z ψ which is required to two loops. The value of each Z O depends both on the regularization X and on the renormalization scheme Y employed, and thus should properly be denoted as Z X,Y O . As mentioned before, we employ the RI ′ renormalization scheme [9] , which is more immediate for a lattice regularized theory. It is defined by imposing a set of normalization conditions on matrix elements at a scaleμ, where (just as in the MS scheme):
where γ E is the Euler constant and µ is the scale entering the bare coupling constant g • = µ ε Z g g when regularizing in D = 4 − 2ε dimensions.
Renormalization of fermion bilinears
The lattice operators O Γ =ψ Γ ψ must, in general, be renormalized in order to have finite matrix elements. We define renormalized operators by
The renormalization functions Z L,RI ′ Γ can be extracted through the corresponding bare 2-point functions Σ L Γ (qa L ) (amputated, 1PI) on the lattice, through the employment of the RI ′ renormalization conditions: lim
where Σ L Γ (qa L ) is the appropriate bare 1PI 2-point Green's function on the lattice and Γ tree is its tree-level value. For the vector (V), axial-vector (AV) and tensor (T) operators, we can express the bare Green's functions in the following way:
Only the Σ
V,AV,T (qa L ) parts are involved in Eq. (3.2). It is worth noting here that terms which break Lorentz invariance (but are compatible with hypercubic invariance), such as γ µ (q µ ) 2 /q 2 , turn out to be absent from all bare Green's functions; thus, the latter have the same Lorentz structure as in the continuum.
For easier comparison with calculations coming from the continuum, we need to express our results in the MS scheme. For each renormalization function on the lattice, Z L,RI ′ O , we can construct its MS counterpart using conversion factors:
These conversion factors are regularization independent; thus they can be calculated more easily in dimensional (DR), rather than Lattice (L), regularization, (see, e.g., Ref. [10] ). Due to the nonunique generalization of γ 5 to D dimensions, the pseudoscalar and axial-vector bilinear operators require special attention in the MS scheme.
For a more detailed analysis of the renormalization of fermion bilinears and their conversion to the MS scheme, see Refs. [1, 2] .
Computation and Results
The Feynman diagrams contributing to the bare Green's functions, at 1-and 2-loop level, are shown in Figs. 1 and 2 , respectively. For flavor singlet bilinears, there are 4 extra diagrams, shown in Fig. 3 , which contain the operator insertion inside a closed fermion loop. These diagrams give a nonzero contribution only in the scalar and axial-vector cases. In Figs. 1 to 3 , "mirror" diagrams (those in which the direction of the external fermion line is reversed) should also be included. In most cases, these coincide trivially with the original diagrams; even in the remaining cases, they can be seen to give equal contribution, by invariance under charge conjugation.
The evaluation of all Feynman diagrams leads directly to the corresponding bare Green's functions Σ L Γ . These, in turn, can be converted to the corresponding renormalization functions Z For a complete set of results, regarding the renormalization functions and renormalized Green's functions, both in the RI ′ and in the MS scheme, the reader should refer to Refs. [1, 2] . Furthermore, a calculation regarding the multiplicative mass renormalization Z m , which is directly related to the flavor singlet scalar operator, can be found in Ref. [2] . The generalization of our results to an arbitrary representation, as well as a detailed discussion regarding the superficially divergent integrals, can also be found in these papers. 
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